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STABILITY INDEX JUMP FOR CMC HYPERSURFACES OF SPHERES
OSCAR M. PERDOMO AND ALDIR BRASIL
Abstract. It is known that the totally umbilical hypersurfaces in the n+1-dimensional spheres are
characterized as the only hypersurfaces with weak stability index 0. That is, a compact hypersurface
with constant mean curvature, cmc, in Sn+1, different from an Euclidean sphere, must have stability
index greater than or equal to 1. In this paper we prove that the weak stability index of any non-
totally umbilical compact hypersurface M ⊂ Sn+1 with cmc cannot take the values 1, 2, 3 . . . n.
1. Introduction and preliminaries
The main reason we study minimal and cmc hypersurfaces is because they are critical points of the
area functional in the minimal case and, in the cmc case, they are critical points of the area functional
among those hypersurfaces that preserve the algebraic volume enclosed by them. If A denotes the
shape operator of M , we have that the stability operator J is given by J(f) = −∆(f)−|A|2f −nf .
We will also refer to the operator J as the Jacobi operator. We define the weak stability index,
denoted by indT (M), as the maximum dimension of a vector space V ⊂ C∞(M) satisfying
∫
M
f = 0 and
∫
M
fJ(f) < 0 for all f ∈ V
For a minimal hypersurface of the sphere, the Jacobi operator is defined in the same way and, the
stability index, denoted by ind(M), is defined as the number of negative eigenvalues of this operator.
The reason of this slightly difference relies in the fact that minimal surfaces locally minimize area
while cmc surfaces locally minimize area among those variations that preserve the algebraic volume
of M . In this way the condition
∫
M
f = 0 for the cmc case assures that we are comparing the area
among hypersurfaces that locally preserve enclosed volume.
It turns out that very important results come out from understanding the spectrum of the sta-
bility operator. For example, the final step in the proof that the only complete area minimizing
hypersurfaces in Rn are hyperplanes, for n ≤ 7 ; and, the regularity of minimal hypersurfaces
in any riemannian manifold with dimension less than 8 comes from the fact that Simons, [14],
showed that the first eigenvalue of the stability operator of a compact minimal hypersurface in the
(n+ 1)-dimensional sphere is smaller than or equal to −2n. The fact that the regularity statement
is true in any riemannian manifold, shows why the study of the spectrum of the stability operator
for hypersurfaces of spheres is, somehow, more important than the study of the spectrum of the
stability operator of hypersurfaces in other spaces. Another result that uses the spectrum of the
Jacobi operator of minimal surfaces of spheres, is the classification of all cmc surfaces in S3 and R3
given by Sterling-Pinkall in [13].
For minimal hypersurfaces it is not difficult to show that ind(M) ≥ n+3 for any compact hypersur-
face different from an equator; the reason is that, when H = 0, the projection of the Gauss map to a
fix vector, defines an eigenfunction of J , [14]. We say that M ⊂ Sn+1 is Clifford if it is the cartesian
product of two Euclidean spheres. It is known that all minimal Clifford hypersurfaces have stability
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index n + 3. A natural problem that remains open is the question if they are the only minimal
examples with stability index n+3. For n = 2 Urbano, [15], gave an affirmative answer and, for any
dimension n, Perdomo [11] gave an affirmative answer among those hypersurfaces with a special
kind of symmetries, in particular he proved that the conjecture is true among those hypersurfaces
with antipodal symmetry. Other results among hypersurfaces that satisfy additional conditions on
|A|2 can be found in [7], [8], [12].
For the constant mean curvature case, the motivation for the study of the stability operator is similar
to the minimal case. For example in [1], Alias and Piccione showed the existence of embedded
examples using the spectrum of the Jacobi operator in part of their arguments. It looks like a few
of their embedded examples agree with those found by Perdomo in [10].
To obtain information for the stability index for the non minimal case is more difficult due to the fact
that besides the isoparametric examples, there is not explicit formula for any of the eigenfunctions
of J . For this reason, so far, the only general results in this direction was proven by Barbosa and Do
Carmo [5], it states that the indT (M) = 0, if and only if, M is totally umbilical. Generalizations to
other ambient spaces and alternative proofs of Barbosa and Do Carmo’s result can be found in [6],
[9], [16]. All other result have additional assumptions; for example, in [2] and [3], some estimates
are found for the indT (M) under the fairly strong additional condition that |A|2 is constant. Also
in [4], some estimates are found for hypersurfaces with antipodal symmetry.
2. Main Theorem
Let us start this section with the notation introduced in [11]. We will denote lv : M → R the
function given by lv(x) = 〈φ(x), v〉 and by fv : M → R, the function given by fv(x) = 〈ν(x), v〉,
where ν : M → Sn is the Gauss map. The following relations are well known [2]
∆lv = −nlv + nHfv, ∆fv = −|A|2fv + nHlv.
and
|A|2 ≥ nH2 (Follows using Cauchy Schwarz to A and I)
Before proving the main theorem, let us prove the following small lemma which is just a direct
application of the divergency theorem.
Lemma 2.1. Let M ⊂ Sn+1 be a compact hypersurface with constant mean curvature H. If lv and
fv are defined as in the beginning of this section, then, for all u ∈ Rn+2 we have that
∫
M
|A|2fulu = n
∫
M
fulu − nH
∫
M
f2u + nH
∫
M
l2u
Proof. The lemma follows directly from the divergency theorem as follows,
∫
M
|A|2fulu =
∫
M
lu(−∆fu + nHlu)
= −
∫
M
fu∆lu +
∫
M
nHl2u
=
∫
M
fu(nlu − nHfu) +
∫
M
nHl2u
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
Theorem 2.2. Let M ⊂ Sn+1 be a compact hypersurface with constant mean curvature H. If M
is not totally umbilical then indT (M) ≥ n+ 1
Proof. Since indT (M) ≥ n + 2 when M is Clifford, [2]; without loss of generality let us assume
that M is neither totally umbilical or Clifford. We will also assume that M is not minimal. Let us
consider the following subspace of C∞(M).
V = {hu = fu +
√
1 +H2 − 1
H
lu : u ∈ Rn+2 and
∫
M
hu = 0 }
In [2] it is shown that, if M is not Clifford or totally umbilical, then for all non zero v ∈ Rn+2, no
function lv is a multiple of the function fv. Therefore the dimension of V is at least n+ 1.
A direct computation shows that
∆hu = −|A|2fu + nHlu − n
√
1 +H2 − 1
H
lu + nH
√
1 +H2 − 1
H
fu
Therefore,
J(hu) = −|A|2
√
1 +H2 − 1
H
lu − nfu − nHlu − nH
√
1 +H2 − 1
H
fu
and
∫
M
huJ(hu) =
∫
M
(
−|A|2
√
1 +H2 − 1
H
lufu − nf2u − nHlufu − nH
√
1 +H2 − 1
H
f2u
)
+
∫
M
(
−|A|2(
√
1 +H2 − 1
H
)2
l2u − n
√
1 +H2 − 1
H
fulu
)
+
∫
M
(
−nH
√
1 +H2 − 1
H
l2u − nH
(√1 +H2 − 1
H
)2
fulu
)
Using Lemma 2.1 to change the first term on the right hand side of the equation above, and also
using the inequality |A|2 ≥ nH2, we get
∫
M
huJ(hu) ≤ −
∫
M
(
2n
√
1 +H2 − 1
H
+ nH + nH(
√
1 +H2 − 1
H
)2
)
fulu
−
∫
M
nf2u −
∫
M
(
nH2(
√
1 +H2 − 1
H
)2 + 2nH
√
1 +H2 − 1
H
)
l2u
= −n
∫
M
(
2Hfulu + f
2
u +H
2l2u
)
= −n
∫
M
(
fu +Hlu
)2
< 0
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The strict inequality at the end of the computations above follows again by the main result in [2]
since we know that fu +Hlu cannot vanish identically because we are assuming that M is neither
totally umbilical nor Clifford. Since the dimension of V is at least n + 1 and
∫
M
fJ(f) < 0 for all
f ∈ V we conclude that indT (M) ≥ n+ 1 
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